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Let C be a coalgebra and let Z^ C Z /c be the Grothendieck groups of the 
category C op -inj and C-inj of the socle-finite injective right and left C-comodules, re- 
spectively. One of the main aims of the paper is to study Coxeter transformation 
&c '■ Z^f — > and its dual : Z^ — > Z^" of a pointed sharp Euler coalgebra C, and 
to relate the action of 4>c and 3>^. on a class of indecomposable finitely cogenerated C- 
comodules N with the ends of almost split sequences starting with N or ending at N. By 
applying [5], we also show that if C is a pointed iC-coalgebra such that the every vertex of 
the left Gabriel quiver cQ of C has only finitely many neighbours then for any indecom- 
posable non-projective left C-comodule N of finite IG-dimension, there exists a unique al- 
most split sequence — ► tqN — ► N' — ► N — ► in the category C- Comodj c of finitely 
cogenerated left C-comodules, with an indecomposable comodule tqN. We show that 
dimTciV = <l>c(dim iV), if C is hereditary, or more generally, if inj.dimLW = 1 and 
\Q\ Y{om c (C,DN) = 0. 



Throughout we fix an arbitrary field K and D{—) = (— )* = HorriRr(— ,K) is the ordinary 
K-linear duality functor. We recall that a A'-coalgebra C is said to be pointed if all simple 
C-comodules are one-dimensional. Let C be a pointed JCcoalgebra and C* = Horrix(— ,K) 
the A'-dual (pseudocompact [20], [21]) A-aigebra with respect to the convolution product, see 
[9], [Hj. We denote by C-Comod and C-comod the category of left C-comodules and finite- 
dimensional left C-comodules, respectively. The corresponding categories of right C-comodules 
are denoted by C op -Comod and C op -comod. The socle of a comodule M in C- Comod is 
denoted by soc M 

We recall from [5] and [B] that, for a class of coalgebras C (including left semiperfect ones), 
given an indecomposable non-injective C-comodule M in C-comod and an indecomposable 
non-projective C-comodule N in C- comod there exist almost split sequences 

(*) — > M — >M' — >r^M — >0 and — > r c N — >N' — >N — >0 

in C- Comod, where C-Comod* c ( c ± C-comodjp are the Auslander-Reiten translate 

TC 

operators (1.17). On the other hand, for a class of computable coalgebras C, a Cartan matrix 
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Cc G M/ C (Z), its inverse , and a corresponding Coxeter transformation <&c : Kq{C) — >_K" (C) 
is defined and studied in [23] (see also [4] and [TTj). where K (C) = K (C- comod) = Z^ c ^ is 
the Grothendieck group of C- comod. 

One of the main aims of this paper is to construct an inverse C^ 1 (left and right) of the 
Cartan matrix Cc and Coxeter transformations <&c : Z^ 7 — > Z^, $> c : 7l}% — > Z^f , for any 
computable coalgebra C such that any simple left (and right) C-comodule admits a finite and 
socle-finite injective resolution. We prove that, under a suitable assumption on indecomposable 
C-comodules N and M, there exist almost split sequences (*) in C- Comod and the following 
equalities hold (compare with [U Corollary IV. 2. 9] and [231 PP-67]) 

dim t c (M) = $ c (dimM) and dim t c (N) = $ c (dimiV), 

where dimX G Z /c is the dimension vector of the comodule X, see Section 2. 

We recall from [12] that a coalgebra C is said to be left locally artinian if every indecom- 
posable injective left C-comodule is artinian. Recall also that a coalgebra over an algebraically 
closed field is pointed if and only if it is basic, see @|, [7J, pU p.404], 5.5], [2H 2.2]. 

1 Preliminaries on comodule categories 

Let C be a /T-coalgebra. We collect in this section basic facts concerning C-comodules, 
pseudocompact C*-modules, the existence of almost split sequences in C- Comod, duality and 
injectives in the category of comodules. 

We recall from [I], [9], [H] and [19] that any left C-comodule M is viewed clS cL Tdu~ 
tional (=discrete) right module over the pseudocompact algebra C* and M* = D(M) = 
HoHift-(M, K) is a pseudocompact left C*-module. The functor D(-) defines a duality 
D : C- Comod — > C*-PC, where C*-PC is the category of pseudocompact left C*-modules. 
The quasi-inverse is the functor (— )° = hom^(— ,K) that associates to any Y in C*-PC 
the left C comodule Y° = hom^(y, K) consisting of all continuous i^-linear maps Y — > K. 
It follows from [10] that the algebra C* is left (and right) topologically semiperfect, that is, 
every simple left C*-module admits a projective cover in C*-PC (see also [IH]); equivalently, 
C* admits a decomposition C* = Yl i n C*-PC, where {ej}j g / is a topologically complete 

set of pairwise orthogonal primitive idempotents such that ejAej is a local algebra, for every 
% G J. The decomposition is unique up to isomorphism and permutation. 

The coalgebra C (or more generally, any C-C-bicomodule) can be viewed as a bimodule 
over the algebra C* with respect to the right and the left hit actions of C* on C, usually 
denoted by the symbols , — ^ as in [9] and [Hj. Here we omit these symbols and simply use 
juxtapostion, e.g., eC = e — C and Ce = C e, for any e G C*. Notice that Ce is an 
injective right C-comodule and eC is an injective left C-comodule, for any idempotent e G C*. 

The following two simple lemmata are often used in the paper. 

Lemma 1.1. Assume that C is a coalgebra, e = e 2 is an idempotent in C* , and D(—) = 
Hom K (-,K). 

(a) There is an isomorphism D(eC) = C*e of left C* -modules. 

(b) If C is of finite dimension, then there is an isomorphism D(C*e) = eC of right C*- 
modules. 

(c) Hom c (C / ,Ce) = Homc(C, Ce) for every subcoalgebra C of C . 
Proof. See [B] and [S]. ■ 
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Lemma 1.2. Let C be a K-coalgebra. Given a left comodule M in C- comod, the K-dual 
space D(M) = Hom K (M, K) admits a natural structure of right C -comodule and D(-) = 
Hom A '(— , K) defines the pair of dualities 

(1.3) C-comod < 1 C op - comod 

D 

Proof. See g], p], [13], p2], [29]. ■ 

An injective copresentation of a comodule M in C- Comod is an exact sequence 

(1.4) — ► M — >E ^E 1 , 

where Eq and E\ are injective comodules. We call a comodule M in C- Comod (socle) finitely 
copresented if M admits a socle-finite injective copresentation, that is, the injective comod- 
ules Eq and E\ have finite-dimensional socle. We denote by C-Comod/ c the full subcategory 
of C-Comod whose objects are the finitely copresented comodules, and by C-inj the full 
subcategory of C-Comod/ c whose objects are the socle-finite injective comodules. We set 
C-comod/ c = C-comod fl C-Comod/ c . Finally, we denote by C-Comodj c = Comod/ c /X 
the quotient category of C-Comod/ c modulo the two-sided ideal X = [C-inj] consisting of 
all / G Honic(iV, N'), with N and N' in C-Comod/ c , that have a factorisation through a 
socle-finite injective comodule. 

It is observed in [12] that C-Comod/ c is an abelian category if and only if C is left 
cocoherent. In this case C-Comod/ c is closed under extensions in C- Comod and contains 
minimal injective resolutions of comodules M in C-Comod/ c , see (23J, Section 3]. 

We recall that a comodule M is quasi-finite if dim^ Hom.c{X, M) is finite, for any X in 
C- comod; equivalently, if the simple summands of soc M have finite (but perhaps unbounded) 
multiplicities [1] , [29] . It is easy to check that every socle-finite comodule is quasi-finite. Hence 
all comodules in C-Comod/ c are quasi-finite. 

Given a left quasi-finite C-comodule M, the covariant cohom functor 

h c (M, -) : C- Comod — ► Mod(K) 

is defined by associating to any comodule iV in C- Comod the vector space hc{M,N) = 
lim/}Hom(7(A r A, M), where {N\} is the family of all finite-dimensional subcomodules of M |29j . 

*A 

Denote by C op -Comod/ p the full subcategory of C op - Comod whose objects are the (in- 
jectively) finitely presented C op -comodules, that is, the C op -comodules L that admit a short 
exact sequence E[ — ► E' — > L — > in C op - Comod, with socle-finite injective comodules E[ 
and E' , called a socle-finite injective presentation of L. Following [5], Section 3], we define a 
pair of contravariant left exact functors 

Vc 

(1.5) C- Comod /c > C op - Comod /p 

to be the composite functors making the following diagrams commutative 

C-Comod /c C*-PC /P C-Comod /c C*-PC /p 



1.6) Vc 



(-) H 



(-) H 



C op -Comod /p i-f C* op -PC fc , C op -Comod /p C* op -PC fc , 

where C*-PC/ P (resp. C* op -PC/ c ) is the category of pseudocompact (top-) finitely presented 
(resp. (top-) finitely copresented) modules (see [9], [20], [21]), D = Rom K (—,K), 
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(-)+ = hom c *(- C*) : C*-PC fp — > C* op -PC fc 

is a contravariant functor that associates to any X in C*-PC/ P , with the top-finite pseudo- 
compact projective presentation P 1 ^-^P — >X — >0, where Pi, Pq are finite direct sums 
of indecomposable projective C*-modules, the right C*-module X + = home* {X , C*) of all 
continuous C*-homomorphisms X — > C* , with the top-finite pseudocompact projective cop- 

resentation t+ 

— > X + — > P c + ^ Pf. 

Finally, Y° = hom^(y, K) consists of all continuous K-Ymeax maps Y — » K and (— )° as- 
sociates to X + the right C-comodule (X + )° in C op - Comod/ p , with the socle-finite injective 
presentation 

(P+)° ( M (P+)° — > (X+)° — ► 0. 
The functors in the right hand diagram of (1.6) are defined analogously. Sometimes, for 
simplicity of the notation, we write Vc instead of V^. 

Following [5] and the classical construction of Auslander [2], we define the Auslander 
transpose operator 

(1.7) Tr = Tr c : C-Comod /c — ► C op -Comod /c 

(on objects only!) that associates to any comodule M in C-Comod/ c , with a minimal socle- 
finite injective copresentation (1.4), the comodule 

Tr c M = Ker[V c £i ^ V C E ] 

in C op -Comod/ c . Basic properties of Trc are listed in [5j Proposition 3.2]. 

The existence of almost split sequences in C- Comod/ c essentially depends on the following 
theorem slightly extending some of the results in [5] and [B]. 

Theorem 1.8. Let C be a K-coalgebra and Vc the functor (1.5). 

(a) There are functorial isomorphisms VcM = Homc(C, M)° = hc{M,C), for any co- 
module M in C-Comod/ c . 

(b) The functors Vc, V c are left exact and restrict to the dualities 

(1.9) C-inj > C op -inj 

Vc 

that are quasi-inverse to each other. Moreover, given an idempotent e £ C* , the comodule Ce 
lies in C op -inj, the comodule eC lies in C-inj, and there is an isomorphism Vc(C'e) = eC of 
left C-comodules. 

(c) For any comodule M in C-Comody c , with a minimal socle-finite injective copresentation 
(1.4), the comodules Tr c M, V C E U V C E He m C op -Comod /c , V C M lies in C op -Comod /p , 
and the following sequence 

(1.10) — ► Tr c M — > V c Ei ^ V C E — > V C M — ► 

is exact in C op -Comod. 

(d) The transpose operator Trc, together with the functor Vc, induces the equivalence of 
quotient categories Trc : C-Comodj c — C op -Comodf c . 

Proof. For our future purpose and the convenience of the reader, we outline the proof, 
(a) Let {C\} is the family of all finite-dimensional subcoalgebras of C and let M be a 
comodule in C-Comod/ c . Then M is quasi-finite, C = limCA, and we get isomorphisms 
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V c M=((M)+)° £ hom c .(DM,C*)° 

S Hom c (C,M)° 
= [limHom c (C A ,M)]° 

lim A Hom c (C A ,M)° 

= lim DHomc (C A ,M) 

= MM,C). 

One can easily see that the composite isomorphism is functorial at M. 
(b) Apply the definition of Vc- 

To prove (c) and (d), we note that the exact functors D : C-Comod/ p — > C*-PC/ P and 
(— )° : C* op -PCf c — > C op -Comod/ c defining the functor Vc are equivalences of categories 
carrying injectives to projectives and projectives to injectives, respectively. Recall that C* is 
a topological semiperfect algebra. Now, given an indecomposable comodule M in C-Comod/ c , 
with a minimal socle-finite injective copresentation (1.4), we get a pseudocompact minimal 
top-finite projective presentation 

DE X ^ DE — ► DM — ► 0, 

in C*-PC, with DE\ = E*, DE = Eq finite direct sums of indecomposable projective C*- 
modules, of the right pseudocompact C*-module DM. Hence, by applying the left exact 
functor homc*(— , C*), and the definition of the Auslander transpose Trc* (DM) of the pseu- 
docompact left C*-module DM, we get the exact sequence 

(1.11) — ► (DM) + — ► (DE ) + ( ^ (DEx) + — > Ti c * (DM) — > 

in C* op -PC and the projective copresentation -> (DM) + —^(DE ) +i ^K (DEx) + of the 
right pseudocompact C*-module (DM) + , where (DE ) + and (DEi) + are finitely generated 
projective top-finite right C*-modules. The sequence (1.11) induces the sequence (1.10) and 
(c) follows. The statement (d) follows from the corresponding properties of the Auslander 
transpose operator Tr c * : C*-PC/ P — > C* op -PCf p on the pseudocompact finitely presented 
top-finite modules over C*, see [U Proposition IV.2.2], [SJ Section IV. 1], [18, Proposition 
11.22]. ■ 

We denote by C- Comod* c and by C-Comodj c the full subcategory of C-Comod/ c con- 
sisting of the comodules M such that dimft-Trc(M) is finite and dim^ (DM) + is finite, re- 
spectively. Following the representation theory of finite-dimensional algebras, we define the 
Nakayama functor (covariant) 

(1.12) v c :C- Comod^ — ► C- comod 

by the formula Uc(— ) = DVc(—)- 

A coalgebra C is said to be left semiperfect [13] if every simple left comodule has a 
projective cover, or equivalently, the injective envelope E(X) of any finite-dimensional right 
C-comodule X is finite-dimensional. 

It is easy to see that, for a left semiperfect coalgebra C, the functor vq restricts to the 
equivalence of categories 

(1.13) v c : C-inj C-proj, 

where C-proj is the category of top-finite projective comodules in C- comod. 
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We denote by C- comod/p the full subcategory of C- comod consisting of the left comodules 
N that, viewed as rational right C*-modules, have a minimal top-finite projective presentation 
Pi -> P -> N -> in C* op -PC = PC-C*, that is, P and P x are top-finite projective modules 
in PC-C*. Here we make the identification 

C-comod = rat-C* = dis-C* C PC-C*, 

in the notation of [T9J Section 4], where rat-C* is the category of finite dimenional rational 
right C*-modules. 

Finally, we denote by 

C- comod j-p = C -comod fp/V 
the quotient category of C-comod/p modulo the two-sided ideal V of C-comod fp consisting 
of all / G Homc(iV, N'), with N and N' in C-comodj-p, that have a factorisation through a 
projective right C*-module, when / is viewed as a C*-homomorphism between the rational 
right C*-modules N and N'. 

If C is left semiperfect then, in view of the exact sequence (1.10) in C op - Comod, we have 
C-comod/p = C- comod, C- Comod* c = C-Comod/ c , C-Comodj c = C-Comod/ c and, by 
applying uc to the sequence (1.10) we get the exact sequence 

(1.14) — > i/ c (M)— > u c (E ) U -^l uciEt) — > J DTr c (M) — > 

in C- comod. 

The following simple lemma is of importance. 

Lemma 1.15. Let C be a pointed K-coalgebra and let cQ be the left Gabriel quiver of C. 

(a) The duality D : C-comod — > C op -comod (1.3) restricts to the duality 

D : C-comod /P — ► C op -comod /c = C op -comod n C op -Comod /c , 

In particular, a left C -comodule N lies in C- comod f-p if and only if the right C -comodule D(N) 
is finitely copresented. 

(b) The following four conditions are equivalent: 
(bl) the equality C-comod/-p = C-comod holds, 

(b2) the inclusion C op -comod C C op -Comod/ c holds, 

(b3) every simple comodule in C° v -Comod is finitely copresented, 

(b4) the quiver cQ is right locally bounded, that is, for every vertex a of cQ there is only 
a finite number of arrows a — ► j in cQ- 

(c) If C is right locally artinian then the equality C-comod f-p = C-comod holds. 

Proof, (a) Since we make the identification C-comod = rat-C* = dis-C* C PC-C* (in the 
notation of [T9], Section 4]), there is a commutative diagram 

C-comod dis-C* C PC-C* 



D 



i-r 



(-r 



C op - comod C*-dis C C op - Comod, 

Then a left C-comodule lies in C-comod/-p if and only if there is an exact sequence P\ — > 
Pq — > — > in PC-C*, where Pq and Pi are top-finite projective modules in PC-C*, or 
equivalently, N lies in C* op -PC /p = PC /p -C*. By applying the duality (-) : C* op -PC -> 
C op -Comod, see (1.6), we get an exact sequence — > N° — > P ° — > P^ in C op -Comod. Since 
dim^ is finite, we have = D(N). This shows that D(N) lies in C op -comod/ c , because Pq 
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and Pi are socle-finite injective right C-comodules. It follows that the duality (1.3) restricts 
to the duality D : C-comod f V — > C op -comod/ c . 

(b) By (a), the equality C-comod/p = C-comod holds if and only if the equality C op -comody c = 
C op -comod holds, that is, the conditions (bl) and (b2) are equivalent. 

The implication (b2)=^(b3) is obvious. To prove the inverse implication (b3)=>(b2), we 
assume that the simple right C-comodules lie in C op -Comod/ c and let X be a comodule in 
C op - comod. By standard arguments and the induction on the .fT-dimension of X, we show 
that X lies in C-Comod/ c (apply the diagram in [5J p. 13]). 

(b3)=r>(b4) Fix a direct sum decomposition soc Cc = (Bjei c &U) °f the "ght socle socCc 
of C, where Ic is an index set and {S(j)}j € j c is a set of pairwise non-isomorphic simple right 
C-coideals. Denote by E(j) = E(S(j)) the injective envelope of S(J). 

It follows from the dualities (1.9) and [221 Theorem 2.3(a)] that the quiver cQ is dual 
to the right Gabriel quiver Qc of C. Hence, by the assumption (b2), for every vertex a 
of the quiver Qc, there is only a finite number of arrows j — > a in Qc- In other words, 
dim^ Ext c (S(j), S(a)) is finite, for all j G Ic, and dim^ Ext c (S(j), S(a)) = 0, for all but a 
finite number of indices j G Ic, see [19], Definition 8.6]. Fix a £ Ic and let — ► S(a) — > 
E(a) — > E\ —> . . . be a minimal injective resolution of S(a) in C op -Comod, with E\ = 
E(soc(E(a)/S(a))). Given j G Ic, we denote by Hi(S(j), S(a)) the number of times the 
comodule E(j) appears as a direct summand in E\. Since C is assumed to be pointed, 
dim K End c S{j) = 1 and fn{S{j), S{a)) = dim K Ext c (S{j),S {a}), by pH (4.23)]. Thus the 
injective C op -comodule Ei is socle finite, by the observation made earlier, and it follows that 
the simple right C-comodule S(a) is finitely copresented. This shows that (b3) implies (b4). 
Since the inverse implication follows in a similar way, the proof of (b) is complete. 

(c) Apply (b) and the easily seen fact that simple right comodules over any right locally 
artinian coalgebra are finitely copresented. ■ 

Following |5], we get the following important result. 

Proposition 1.16. Let C be a K-coalgebra and D the duality functors (1.3). 

(a) The transpose equivalence of Theorem 1.8 (d), defines the equivalence 

Tic '■ C-Comodj c C op -comod^ c , 

and together with the duality D : C op -comod/ c — C-comod/-p defined by (1.3), induces the 
translate operator 

(1.17) T c = ETtc '■ C-Comod* c — ► C-comod f-p, 

and an equivalence of quotient categories T c = DTic '■ C-Comod* c C-comod More- 
over, for any M in Comod* c , with a presentation (1.4), the following sequence 

(1.18) — ► (DM) + — > (DEi) + { ^ (DE ) + — ► r c M — > 

is exact m C* op -PC and the comodule t^M lies in C-comod /P = C* op -rat /p C C* op -PC. 

(b) The duality (1.3) restricts to the duality D : C-comod/p ——>■ C op -comod/ c and together 
with the transpose operator Tr c°p '■ C op -comod/ c — ► C-Comod* c defines the translate operator 

(1.19) Tc = Tr c°pD '■ C-comod/p — > C-Comod* c , 

and induces the equivalence of quotient categories Tc = TtcpD : C- comod jy C-Comod* c 
that is quasi-inverse to the equivalence = DTic '■ C-ComodV — —> C- comod ^ in (a). 
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(c) Let M be an indecomposable comodule in C-Comod* c . Then TqM = if and only if M 
is injective. Ifr^M ^ then r^M is indecomposable, non-projective, of finite K-dimension, 
and there is an isomorphism M = t c TqM. 

(d) Let N be an indecomposable comodule in C-comod/p. Then tqN = if and only if N 
is projective. If TcN ^ then tqN is indecomposable, non-injective, finitely copresented, and 
there is an isomorphism N = t^tqN . 

Proof. By Lemma 1.15(a), the duality D : C op -comod — ^ C-comod (1.3) restricts to the 
duality D : C op -comod/ c ——>■ C-comod /-p. One also shows, by applying foregoing definitions, 
that a homomorphism / : X — » X' in C op -comod/ c has a factorisation through a socle- finite 
injective comodule if and only if the homomorphism D(f) : D(X) — > D(X') in C-comod f-p 
belongs to V(D(X), D(X')). This shows that the duality D : C op -comod/ c — -* C-comod/-p 
induces an equivalence of quotient categories D : C op -comod/ c — C -comod /-p. It follows 
from the definition of the category C-Comod* c that the transpose equivalence of Theorem 1.8 
(d), defines the equivalence Tr<7 : C-Comod* c — —> C op -comod/ c . This together with the earlier 
observation implies (a) and (b). 

The statements (c) and (d) are obtained by a straightforward calculation and by using the 
definition of translates tq and Tq, see [5] and consult j3]. The details are left to the reader. ■ 

Following the terminology of representation theory of finite-dimensional algebras (see [T], 
0], [IB]) we call the operators t c = Tr C o P D (1.19) and r c = DTr c (1-17), the Auslander- 
Reiten translations of C. It follows from Theorem 1.16 that the image of is the subcat- 
egory C-comod f-p of the category C-comod. 

By applying Theorem 4.2 and Corollary 4.3 in [5], we get the following important re- 
sult on the existence of almost split sequences in the category C-Comod/ c of (socle) finitely 
copresented left C-comodules, under some assumption on the Gabriel quiver cQ of C. 

Theorem 1.20. Let C be a K-coalgebra such that its left Gabriel quiver cQ is left locally 
bounded, that is, for every vertex a of cQ there is only a finite number of arrows j — ► a in cQ 

(a) The following inclusion holds C-comod C C-Comod/ c . 

(b) For any indecomposable non-injective comodule M in C-Comod* c , there exists a unique 
almost split sequence 

(1.21) — > M — >M' — >r c M — >0 

in C-Comod/ c , with a finite- dimensional indecomposable comodule t^M lying in C-comod/p. 
The sequence (1.21) is almost split in the whole comodule category C-Comod. 

(c) For any indecomposable non-projective comodule N in C-comodjp C C-Comod/ c , there 
exists a unique almost split sequence 

(1.22) — ► t c N — >N' — >N — >0 

in C-Comod/ c , with an indecomposable comodule tqN lying in C-Comod* c . The sequence 
(1.22) is almost split in the whole comodule category C- Comod. 

(d) //, in addition, C is left semiperfect then C- Comod* c = C-Comod/ c , C-comod/p = 
C-comod, the Auslander-Reiten translate operators act as follows 

j- 

C-Comod/ c ( -» C-comod 

and the almost split sequences (1.21) and (1.22) do exist in the category C-Comod/ c , for any 
indecomposable non-injective comodule M in C-Comod/ c and for any indecomposable non- 
projective comodule N in C-comod. Moreover, if the comodule M lies in C-comod then the 
almost split sequence (1.21 ) lies in C-comod. 
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Proof, (a) As in the proof of Lemma 1.15 (b), we conclude from the assumption that 
cQ is left locally bounded that every simple left C-comodule admits a minimal socle-finite 
injective copresentation (1.4). Hence (a) follows as in Lemma 1.15 (b). 

The statements (b) and (c) follow from Theorem 4.2 and Corollary 4.3 in [5], because any 
comodule M lying in C-Comod/ c is quasi-finite, Proposition 1.16 (a) yields that tJM lies in 
C-comod/p, for any indecomposable comodule M in C-Comod/ c , and the following inclusions 
hold C-comod/-p C C-comod C C-Comod/ c , by (a). 

(d) Assume that C is left semiperfect and let M be an indecomposable comodule in 
C-Comod/ c with a minimal socle-finite injective copresentation (1.4). By Theorem 1.8, the 
induced sequence (1.10) is exact and the comodules Vc{Eq) and Vc(^i) lie in C op -inj. Since 
C is left semiperfect, the comodules Vc(-E'o) an d Vc(-Eq) are finite-dimensional and, hence, 
dimxTr c (M) is finite, for any comodule M in C-Comod/ c . It follows that C-Comod* c = 
C- Comod/ c . Since C is left semiperfect, any comodule N in C- comod has a projective presen- 
tation Pi — > P — > N — ► 0, with Pi, Pq finite-dimensional projective C-comodules. It follows 
that iV lies in C-comod/p and, hence, the equality C-comod/-p = C-comod holds. This finishes 
the proof of the theorem. ■ 

Corollary 1.23. Let C be a pointed K-coalgebra such that the left Gabriel quiver cQ of 
C is both left and right locally bounded. 

(a) The inclusions C-comod/p = C-comod C C-Comod/ c hold and the Auslander-Reiten 
translate operators act as follows 

C-Comod} c ( c > C -comod. 

(b) For any indecomposable non-injective comodule M in C-Comod* c , there exists a unique 
almost split sequence q > > > T ~M > o 

in C-Comod/ c , with an indecomposable comodule TqM lying in C-comod. 

(c) For any indecomposable non-projective comodule N in C-comod, there exists a unique 

almost split sequence , 

F H — ► r c N — >N' — >N — >0 

in C-Comod/c, with an indecomposable comodule tqN lying in C-Comod* c . 

(d) The exact sequences in (b) and (c) are almost split in the whole comodule category 
C- Comod. 

Proof. Apply Lemma 1.15 and Theorem 1.20. ■ 

Remark 1.24. Under the assumption that the left Gabriel quiver cQ of C is both left 
and right locally bounded the almost split sequences (1.21) and (1.22) lie in C- Comod/ c . If we 
drop the assumption then the term tqM lies in C-comod/-p C C-comod, but not necessarily 
lies in C-Comod/ c . Since the category C-Comod/ c is the most important part of C- Comod 
in the study of the tameness of C (see [26]), we are mainly interested in the existence of almost 
split sequences in C-Comod/ c . 
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Now we illustrate the existence of almost split sequences discussed in Corollary 1.23 by the 
following example. 

EXAMPLE 1.25. Let Q = (Qo,Qi) be the infinite locally Dynkin quiver 

-l 

Q: 



o 1 



s— 1 s s+1 



of type ©oo and let C = K n Q be the hereditary path if-coalgebra of Q. Then Q 
{— 1, 0, 1,2,.. .} and C has the Qo x Qq matrix form 



C 



K 

K 










K 



K K 







K 



K K K K 





K 



K K K K 



K K K 



K K 
K K 



K K K 



K K 





K 
K 

K K 
K 



and consists of the triangular Q x Q Q square matrices with coefficients in K and at most 
finitely many non-zero entries. Then soc^C = ©j £ q where S(n) = Ke n is the simple 
subcoalgebra of C spanned by the matrix e n G C with 1 in the nxn entry, and zeros elsewere. 
Note that e n is a group-like element of C. 

Since the left Gabriel quiver cQ of C is the quiver Q, it follows from Lemma 1.15 (b) 
that every simple right C-comodule is finitely copresented and the statements (a) and (c) of 
Corollary 1.23 hold for C = K a Q. 

The coalgebra C is right locally artinian, right semiperfect, representation-directed in the 
sense of [23], and left pure semisimple, that is, every left C-comodule is a direct sum of finite- 
dimensional comodules (see [16], [TH], and [20] ). It follows that C- Comod* c = C-comod* 
and every indecomposable non-projective comodule N in C-comod admits an almost split 
sequence — ► tqN — ► N' — > N — ► in C- comod. 

Under the identification C-comod = rep^(Q) of left C-comodules and K- linear repre- 
sentations of the quiver Q (see [5], [TH], [SS, (3.1)]), the Auslander-Reiten translation quiver 
T(C- comod) of C-comod has four connected components (two of them are finite and two are 
infinite), and T (C-comod) has the following form (see [16] and [20] ) 
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Figure 0. The Auslander-Reiten quiver of the category C-comod = rep K (Q)) 



-ll-l |#2 

... ofe -1I5 0I4 -1I3 ob -ill 

/ \ / \ / \ / \ / \ / \ 

... -» 4K5 -» oh -» 4K5 -* -A -> 3K4 -> 0I3 -> 2K3 ->-iI 2 -> 1K2 -* oil -» 1I1 

/ \ / \ / \ X \ / \ / 

4 K 6 3 K 5 2 K 4 1K3 1I2 

/ \ / \ / \ / \ / 
3 K 6 2K5 1K4 1I3 

/ \ / \ / \ / 
2 K 6 1K5 1I4 

/ \ / \ / 
iK 6 Js 

/ \ / 

il 6 

/ 

\ / \ / \ 
.. ---3I7 2 I 6 I 5 

\ / \ / \ 

.. 3 n 6 2I5 i4 

\ / \ / \ / \ 
.. — 4I6 3I5 2I4 13 

/ \ / \ S \ S \ 
4 i 5 3 i 4 2 i 3 i 2 

\ / \ / \ / \ / \ 
.. ---5I5 4I4 3I3 2I2 ii 

Here we use the terminology and notation introduced in [HI pp. 470-472] and [20, Section 
6]. Recall that the vertices of the Auslander-Reiten translation quiver T (C-comod) are repre- 
sentatives of the indecomposable left C-comodules in C- comod and the existence of an arrow 
X — > Y in r(C- comod) means that there exists an irreducible morphism / : X — >• Y in 
C-comod, see also [27J. 

Each of the two finite components of T(C- comod) contains precisely one indecomposable 
simple projective C-comodule; namely the comodule Io and _iL-i, respectively. Each of the 
two infinite components contains no non-zero projective objects. 

The indecomposable injective left C-comodules form the right hand section 

oh 

(*) I 

. . . -> A -> il 5 -> 1I4 -> 1I3 -> 1I2 -> 1I1 <- -1I1 

of the infinite upper component of T(C- comod), and the indecomposable left C-comodules 
M in C-comod such that dim^TrcM is infinite are the two simple projective comodules oIo> 
_il_i and the comodules lying on the infinite right hand section 
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(**) ...->l6->l5->l4->l3->]l2->Il 

of the infinite lower component of T(C- comod). It follows that an indecomposable left C- 
comodule M lies in the category C- Comod* c = C- comod* if and only if M lies in the infinite 
upper component of Y(C- comod) or M lies in the infinite lower component of Y{C- comod) , but 
does not lie on the infinite section (**). Every indecomposable comodule N lying in one of the 
infinite components of T(C- comod) has an almost split sequence — > TcN — > N' — > N — > 
in C- comod and it is given by the mesh T(C- comod) terminating at N, compare with the 
examples given in Section 4. 

2 Cartan matrix of an Euler coalgebra and its inverses 

Throughout we assume that K is an arbitrary field and C is a pointed i^-coalgebra. It 
follows that C is basic and there exists a direct sum decomposition soc c C = © je j S(J) of 
the left socle soc^C of C, where Ic is an index set and {S(j)} set of pairwise non- 

isomorphic simple left C-coideals, see jl], [7j, [T7j. Then {S(j)} 

jElc ^ ^ 

set of representatives 

of the isomorphism classes of simple left C-comodules and dimx S(j) = dim^Endc^O) = 1, 
for any j G Ic, see [24] . 

For every j G Ic, let E(J) = E(S(j)) denote the injective envelope of S(j). It follows that 
E(J) is indecomposable, cC = ®jei c ^0')' anc ^ there is a primitive idempotent ej G C* such 
that E(j) = CjC. Working with right C-comodules, we have the simple right C-comodules 
S(j) = DS(j), with injective envelopes E(j) = Vc(E(j)) = Cej in C op -inj, see Theorem 1.8. 
Throughout we fix a set {zj}j^i c of primitive idempotents of C* such that E(j) = ejC, for all 
j e I c - 

Following the representation theory of finite-dimensional algebras, given a left C-comodule 
M (viewed as a rational right C*-module), we define its dimension vector 

(2.1) dimM= [dim^ Mej) jeIc , 

where dim^ Mej has values in NU{oo}. Since C is pointed, dim^ Mej = dim K Hom c (M, efi) = 
dim^- Homc(M, E(j)) and the dimension vector dim M coincides with the composition length 
vector lgthM = [£j(M)] jeIc of M (introduced in [23]), where 

(2.2) £j(M) = dim K Hom c (M, E{j)) = dim K Mej. 

It follows from [23| Proposition 2.6] that £j(M) = dim^Me^ is the multiplicity the simple 
comodule S(j) appears as a composition factor in the socle filtration soc°M C soc 1 ^^ C . . . C 
soc m M C ... of M. Following [23], M is said to be computable if the composition length 
multiplicity £j(M) = dim^- Mej of S(j) in M is finite, for every j G Ic, or equivalently, 
dim M G ll c (the product of Ic copies of the infinite cyclic group Z). A pointed coalgebra 
C is defined to be computable if the injective comodule E{%) is computable, or equivalently, 
if the dimension vector 

(2.3) e(i) = dim E(i) = [dim K eiCej] jeIo = [dim K Eom c (E(i), E(j))) jeIo 

has finite coordinates, for every i G Ic- Note that the class of computable coalgebras contains 
left semiperfect coalgebras, right semiperfect coalgebras and the incidence coalgebras K a I of 
intervally finite posets /, see [23]. Moreover, if C is computable and left cocoherent then the 
/^-category C-Comod/ c is abelian, has enough injective objects, and is Ext-finite, that is, 
dim^ Ext™(M, N) is finite, for all m > and all comodules M, N in C- Comod/ c 
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Given a pointed computable coalgebra C, with a fixed decomposition soc cC = 0je/ c 
we define the left Cartan matrix of C to be the integral Iq x Iq matrix 



whose % x j entry is the composition length multiplicity Cy = = dim^ejCej of S(j) in 
E(i). In other words, the ith row of Cc is the dimension vector e(i) = dim E(i) of E(i), see 
[23j Definition 4.1]. We say that a row (or a column) of a matrix is finite, if the number of its 
non-zero coordinates is finite. A matrix is called row-finite (or column-finite) if each of its 
row (column) is finite. 

We start with the following simple observations. 

Lemma 2.5. Let C be a pointed computable K -coalgebra, with a fixed decomposition 
soc cC = ©j g / c S(j), and let K (C) = K (C- comod) be the Grothendieck group of C- comod. 

(a) Given a C-comodule M in C- Comod, the dimension vector dim M has only a fi- 
nite number of non-zero coordinates if and only if dim k M is finite. If dim k M < oo, then 

dim K M = Ysjeic dim ^ Me j ■ 

(b) The map M i— > dim M is an additive function on short exact sequences in C- Comod 
and induces the group isomorphism dim : Kq(C) —^7}- Ic \ [M] i— > dim M . where HP C ^ is 
the direct sum of Iq copies ofZ. The group K (C) is free abelian with the basis {[S(j)]}j e i c 
corresponding via dim to the standard basis vectors ej = dim S(j) oflP c ^>. 

Proof, (a) To prove the sufficiency, assume that dim^- M is finite. Then 



M* ^ Hom c (M, C) = Hom c (M, - eJc E{j)) * jeIc Hom c (M, E(j)) = ® jeIc Me r 



It follows that dimx M = dim^ M* = ^2j eI(J dim^ Mej. Hence, the sum is finite and dimM 
has only a finite number of non-zero coordinates. The converse implication follows in a similar 



(b) Since (2.2) yields dim = lgth, [19] and [23] apply. ■ 

Lemma 2.6. Let C be a pointed computable K -coalgebra and let Cc £ M/ C (Z) be the left 
Cartan matrix (2.4) of C. 

(a) tc°p — Cc, that is, Cc°p G M/ C (Z) is the transpose of the matrix Cc- 

(b) The ith row of the matrix Cc is finite if and only if the indecomposable injective left 
C-comodule E{i) is finite-dimensional. 

(c) The jth column of the matrix Cc is finite if and only if the indecomposable injective 
right C-comodule E(j) = Vc{E(j)) is finite- dimensional. 

(d) The left Cartan matrix Cc of C is row-finite if and only if C is right semiperfect. 

(e) The left Cartan matrix Cc of C is column-finite if and only if C is left semiperfect. 

Proof, (a) Let Cc°p = \cij]i,jei -> Cc — [ c ij]i,jeic e M/ C (Z) be the Cartan matrices 
(2.4), of the coalgebra C op and C, respectively. We recall from Theorem 1.8 that there is 
a duality Vc : C-inj — ► C op -inj and E(J) = Vc(E(j)). Hence, by applying (2.3), we get 
Cjj = dimjrHomcr°p(.E l (*), E(j)) = dim K B.om c (E (j), E(i)) = Cji, for every pair of elements 
i,j G Ic- This yields the equality Cc°p = Cc- 

(b) We recall from (2.4) that the ith row of Cc is the dimension vector e(z) = dim E(i) of 
the injective left C-comodule E(i). Then (a) follows by applying Lemma 2.5 (a) to M — E(i). 

(c) By (a), the jth column of Cc is the jth row of Cc°p- Hence, (c) follows from (b) applied 
to the coalgebra C op . 



(2.4) 




e(i) GM 7c (Z) 



way. 
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(d) By (b), the matrix Cc is row finite if and only if dimx E(i) is finite, for any i G Ic, 
or equivalently, if and only if the injective envelope of any simple left C-comodule is of finite 
J\~-dimension. But this property is equivalent to the right semiperfectness of C, see |13j . 

(e) According to (c), the matrix Cc is column finite if and only if the injective envelope of 
any simple right C-comodule is of finite J\~-dimension. Since this property is equivalent to the 
left semiperfectness of C [13], the statement (e) follows and the proof is complete. ■ 

In [23], a class of computable coalgebras C, called left Euler coalgebras, is defined in such 
a way that the left Cartan matrix Cc G M/ c (Z) of such a coalgebra C has a left inverse C c 
in the non- associative matrix algebra M/ C (Z). Unfortunately, usually a left inverse C c is not 
row-finite or column- finite. Below, we introduce a class of Euler coalgebras C such that the 
left inverse Cq of Cc is a row-finite and a column-finite matrix. 

We would like to remark here that the multiplication in the matrix algebra M/ c (Z) is not 
associative. The matrices in Mj c (Z) may have unequal left and right inverses and that one- 
sided inverse of a matrix may not be unique. Moreover, the left inverse may exist, without 
a right inverse existing. Also being invertible as a Z-linear map is not equivalent to being 
invert ible matrix, see [31]. 

We introduce a class of left Euler coalgebras as follows. 

Definition 2.7. A J\~-coalgebra C is defined to be a left (resp. right) sharp Euler 
coalgebra if C has the following two properties. 

(a) C is computable, that is, dim^ Homc(£", E") is finite, for every pair of indecomposable 
injective left C-comodules E' and E" . 

(b) Every simple left (resp. right) C-comodule S admits a finite and socle-finite injective 

resolution ^ ^ u 

— > S — > E E 1 ... E n — > 0, 

that is, the injective comodules E , . . . , E n are socle-finite. 

A J\~-coalgebra C is defined to be a sharp Euler coalgebra if it is both left and right 

sharp Euler coalgebra and the following condition is satisfied 

(c) dimx Ext c l (5, S') = dimx Ext c 7, op (S' / , S), for all m > and all simple left C-comodules 
S and 5", where S = DS and S' = DS' are the dual simple right C-comodules. 



Obviously, any sharp Euler coalgebra is an Euler coalgebra in the sense of [23]. Now we 
show that (one-sided) semiperfect coalgebras C with gl.dimC < oo are sharp Euler coalgebras. 

Lemma 2.9. Assume that C is a pointed left or right semiperfect coalgebra, with a fixed 
decomposition soc c*C = ©j g / c S(j). 

(a) Ext ^(S (a), S(b)) = Ext c l op (5'(6), S(a)), for all m > and any pair of simple left C- 
comodules S(a) and S(b), with a,b G Ic, where S{b) = DS(b) and S(a) = DS(a) are the dual 
simple right C-comodules corresponding to a,b G Ic- 

(b) If the global dimension gl.dimC of C is finite, then C is a sharp Euler coalgebra. 

Proof. We prove the lemma in case C is a pointed left semiperfect coalgebra. The proof 
in case C is right semiperfect follows in a similar way. 

(a) Let S(a) and S(b) be simple left C-comodules. Since C is left semiperfect, there 
is a minimal projective resolution P*(a) of S(a) in C-comod. By Lemma 1.2, there is a 
duality D : C-comod — > C op -comod that carries P*(a) to a minimal injective resolution 
DP* (a) of S(a) in the category C op -comod and induces an isomorphism of chain complexes 
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Homc(P*(a), S(b)) = Homc°p(5'(6), DP* (a)). Hence, we get the induced isomorphism of the 
cohomology fT-spaces 

Ext%(S(a),S{b)) = # m [Hom c (P*(a),,S(&))] H m [Rom C o P {S(b), DP^a))] = Ext% op (S(b),S(a)), 
and (a) follows. 

(b) Assume that gl.dimC of C is finite. Since C is left semiperfect, the indecomposable 
injectives in C op - Comod are finite-dimensional and therefore any simple right C-comodule has 
a finite injective resolution in C op - comod. Hence, C is a right sharp Euler coalgebra. To prove 
that C is a left sharp Euler coalgebra, assume that S is a left simple C-comodule and let 

— > S — > E E x ... E n — ► 0, 

be a minimal injective resolution of S in C- Comod. We show that the injective comodules 
Eq , . . . , D„ are socle-finite. Assume that S = S(b). Since a minimal projective resolution 
P*(6) of S = S(b) lies in C- comod and is of finite length < gl.dimC, it follows that, for m > 0, 
dim k Ext q(S (a), S(b)) is finite, for all a G Ic, and dim^- Ext™ (S(a), S(b)) = 0, for all but a 
finite number of simple comodules S(a). Since C is pointed, dim^ Ext™ (S(a), S(b)) is the Bass 
number n m {S{a), S{b)) of the pair (S(a), S(b)), that is, fj, m (S(a), S(b)) is the multiplicity the 
indecomposable injective comodule E(a) appears in E m , as a direct summand, see [2H (4.23)]. 
It follows that, for each m > 0, the number (j, m (S(a),S(b)) is finite, and fj, m (S(a), S(b)) is 
non-zero, for at most finitely many m and a finite number of indices a G Ic- Consequently, 
the injective comodules Eq , . . . , En are socle-finite, and the proof is complete. ■ 

Next we give a description of sharp Euler path coalgebras C = K°Q, with Q a quiver. 

Lemma 2.10. Assume that Q is a connected quiver and K D Q is path K-coalgebra of a 
quiver Q. The following three conditions are equivalent. 

(a) K°Q is a sharp Euler coalgebra. 

(b) K a Q is left and right Euler coalgebra. 

(c) The quiver Q is locally finite, that is, every vertex of Q has at most finitely many 
neighbours in Q. 

Proof. The equivalence of (b) and (c) follows from [2"3"l Theorem 5.1(a)] and the impli- 
cation (a)=Kb) is obvious. Since the coalgebras C = K D Q and C op = (K a Q) op = K a Q op are 
hereditary then to prove the inverse implication (b)=^(a), it is enough to show that there is 
a ii'-linear isomorphism Ext C (S (a), S(b)) = Ext Cop (S(b), S(a)), for any pair of simple left C- 
comodules S(a) and S(b), with a, b G Qo, where S(b) = DS(b) and S(a) = DS(a) are the dual 
simple right C-comodules corresponding to a, b G Qo- Since the elements of Ext c (S(a), S(b)) 
can be interpreted as equivalence classes of one-fold extensions — > S(b) — > N — > S(a) — > 
in C- comod and the duality D : C- comod — > C op - comod carries — > S(b) — > — > S(a) — > 
to the exact sequence — > 5*(a) — > DA — > S(b) — > 0, it defines a A'-linear isomorphism 
Ext^(5(a), 5(6)) = Ext Cop (S(b), S(a)). This finishes the proof. ■ 

Now we give examples of non-semiperfect sharp Euler coalgebras of infinite global dimen- 
sion and of arbitrary large finite global dimension. 



Example 2.11. Let I be the infinite poset of the form 
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directed from the left to the right, where X m = Q m is the garland of length |m| + 1 (see [18] ) 

Q m : •( X XX)* (2|m| + 2 vertices, |m| > 1). 

Obviously, / is an intervally finite poset. By the results given in [21] and [27], the incidence 
coalgebra C = K D I of the poset I has the following properties (see also [23l Examples 4.25 
and 4.26]): 

1° C is a sharp Euler coalgebra and the global dimension gl.dimC of C is infinite. 

2° If S(a) is the simple left C-comodule corresponding to the vertex a then the injective 
dimension inj. dim 5(a) of S(a) equals |m| + 1, for any 

3° dim^ Ext£(S(a), 5(6)) = dim^ Ext£ op (S(6), S(a)), for all m > and all a,b E I, where 
5*(6) = DS(b) and 5*(a) = DS(a) are the simple right C-comodules corresponding to the 
vertices a and b in /. 

4° C is both left and right locally artinian, locally cocoherent, and the category C- Comod/ c 
coincides with the full subcategory of C- Comod consisting of artinian objects. 
5° The coalgebra C is neither left semiperfect nor right semiperfect. 

6° The Cartan Z x Z square matrix Cc G Mz(Z) of C is lower triangular and has no finite 
rows and no finite columns. 

7° Cc has a unique left inverse C c G M Z (Z), which is also a unique right inverse of Cc- 
The matrix C c is row-finite and column- finite. 

8° Let rrio > 1 be a fixed integer and let Q mo be the garland of length \m$\ + 1. If we take 
I m = Q mo , for each m e Z, in the construction of / then C = K D I is a sharp Euler coalgebra, 
gl.dimC = mo + 1 is finite, C is neither left semiperfect nor right semiperfect, and satisfies 
the conditions 4°, 6°, and 7°. 

Now, given a pointed sharp Euler coalgebra C, we construct a left inverse and a right 
inverse of the Cartan matrix Cc G M/ C (Z). We follow the proof of Theorem 4.18 in [23J, and 
the notation introduced there. Given a left (resp. right) sharp Euler coalgebra C, we fix a 
finite minimal injective resolution 

(2.12) — > ^ £ W ^ ^ . . . — > 0, 

of the simple left C-comodule S'(j) in C-Comod/ c , with £ i q J ' ) = E(j), and a finite minimal 
injective resolution 

(2.13) — ► S(j) £j ... E [ J> — ► 0, 

of the simple right C-comodule S(j) = DS(j) in C op - Comody c , with E^ = E(j), respectively. 
We fix finite direct sum decompositions 

(2.14) E® = E(p) d ™* = E(p) d ™*>, E%> = E(pf^ = E(pf^ 

of Em and £7m , for m > 0, where and are a finite subsets of Ic, d mp and <Mp are a 
positive integers, for each p G I™ and each p G 7^, respectively, and we set d mp = 0, for any 
pel c \ Im, and d$p = 0, for any pel c \ 1$ '. 

Theorem 2.15. Let C be a pointed computable K -coalgebra, with a fixed decomposition 
hoc cC = ©j e / c S(j), an d let Cc = [ c ij]i,jei c G M/ C (Z) 6e £/ie /e/t Cartan matrix (2.4) o/C. 

(a) // C «5 a left sharp Euler coalgebra then the matrix Cc = [ c ij]i,jei c G M/ C (Z), mt/i 

c jp = {~^) m d mp G Z, row-finite and is a left inverse of Cc in M/ C (Z), where d mp is 

m=0 
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the integer defined by the decomposition (2.14) of the mth term Em of the minimal injective 
resolution (2.12) of the simple left C-comodule S(j). Moreover, for each j G Ic, we have 
dim E(j) ■ {Cc ) tr = dim S(j) = e 3 , where dim E(j) is the jih column of Cc- 

(b) If C is a right sharp Euler coalgebra then the matrix Cq = [c~]jj e / c G Mj c (Z), with 

c~ = Yl (— l) m d^ G Z, is column-finite and is a right inverse of Cc in M/ C (Z), where is 

the integer defined by the decomposition (2.14) of the mth term E^ 1 of the minimal injective 

resolution (2.13) of the simple right C-comodule S(p) = DS(p). Moreover, for each j G Ic, 
we have dim E(j) ■ = dim S(j) = ej. 

(c) If C is a sharp Euler coalgebra then the matrix 

(2.16) := Cc = Cc = [c$ijei c e M Jo (Z), 

^ 00 < ') 00 ti 

with c~j = c~j = XI ( — l) m ^mi = X] ( — l) m ^mj? i s both row-finite and column- finite, and C c is 

m=0 m=0 

a left inverse of Cc and a right inverse of Cc- 

Proof, (a) Assume that C is a left sharp Euler coalgebra. Then the minimal injective 
resolution (2.13) of S(j) is finite and the injective comodules EQ j \...,En^ are socle-finite. 

oo 

Hence the sum cj p = Y2 (—^) m d mp is an integer, the matrix C^" = [c~]i )je / c * s we ^ defined, 

m=0 

and each of its row is finite, because the set 1^ U 1^ U . . . U IrP C I c is finite and 
C J P = E ("l) m ^ = E (-l) m d m i = 0, for all p I® U l[ j) U . . . U $\ 

m=0 m=0 

To prove the equality C^T • Cc = E (the identity matrix), we note that, by the additivity 
of the function dim, the exact sequence (2.12) together with the decomposition (2.14) yields 

oo oo 

e 3 = dimS(j) = ^(-l) m dim^) = £(-l) m £ • dimE(p) = £ cj p ■ dim E(p), 

m=0 m=0 P&Ic P&Ic 

Hence the equality • Cc = E follows, because the pth row of the matrix Cc is the dimension 
vector e(p) = dim E(p) of E(p), see (2.4). 

By applying the matrix transpose (— ) tr : M/ C (Z) — > M/ C (Z) and the equality Cc°p = Cc, 
we get E = E tr = • (C^)* r = Cc°p • (Cc)* r and, in view of Lemma 2.6, the equality 
dim E(j) ■ (Cc) tr = dim S(j) = e 3 - follows. 

(b) Assume that C is a right sharp Euler coalgebra. Then C op is a left sharp Euler 
coalgebra and, by (a) with C and C op interchanged, the matrix C^ ov = \c^~]ij e i c G M/ C (Z), 

with = X] (— l) m d mp G Z, is row-finite and is a left inverse of Cc°p = C£ in M/ C (Z), where 

m=0 

is the integer defined by the decomposition (2.14) of the mth term Em of the minimal 
injective resolution of the simple right C-comodule S(j) = DS(j). It follows that = c~p 
for all j,p G Ic, and consequently, we get (C^p)* 7 " = CT^ 

By Lemma 2.6, we get Cc°p = C c and the pth row dim E(j) of Cc°v is the pth column 
of Cc- Since the equality C^op • Cc°v = E holds, the matrix transpose yields E = E op = 
C^ p • (Cco P ) tr = Cc • Cc, that is, is a right inverse of Cc- Hence (b) follows. 

(c) Assume that C is a sharp Euler coalgebra, that is, C is left and right sharp and the 
equality dim K Ext™ (S (a), S(b)) = dim K Ext™ op (S(b), S(a)) holds, for all a, b G I C - We show 
that C^ = Cc- Since C is pointed, we have 
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(2.17) d<2 = dim,, Ext£(5(i), S(j)) and d® = dim K Ext^(S(i), S(J)), 

see [2H (4.23)], and therefore = d^j- It follows that, given i,j G Ic, we have = 
^ (— l) m d^ = (— l) m dmj = Cjj. This shows that C^ = C^ and, according to (a) and (b), 

m=0 m=0 

the matrix C^ 1 := C^ = C^ (2.16) is row-finite and column- finite, and is both left and right 
inverse of Cc- This finishes the proof of the theorem. ■ 

Corollary 2.18. Assume that C is a pointed sharp Euler coalgebra as in Theorem 2.15, 
with the Cartan matrix Cc and its inverse Cq 1 (2.16). 

(a) The matrix C^ 1 is row- finite and column- finite, and, given a G Ic, we have: 
dim E(a) ■ C^ 1 = dim 5(a) and dim 5(a) ■ Cc = dimE(a), 

dimE(a) • (C c l ) tr = dim 5(a) and C c ■ (dim S{a)) tr = (dim£(a))* r . 

(b) The subsets {dimE(a)} a£ j c , {dimE(a)} a£ j c of the group Z Ic are Z-linearly indepen- 
dent. 

(c) For each j G Ic, the vector ej = dim5(j) belongs to the subgroup generated by the set 
{dim.E(a)} ae / c , and to the subgroup generated by the set {dim E(a)} a& i c . 

Proof. The equalities in (a) follow from Theorem 2.15, and (b) is a consequence of (a), 
because the vectors dim 5(a) = e a G Z Ic , with a G Ic, are Z-linearly independent. 

(c) We recall that the ath row of Cc is the vector dim E(a). Since the matrix Cq 1 is row- 
finite, the equality Cq 1 - Cc = E yields ej = dim S(j) = J2 a ei c c ja'^ m ^( a ) an d the first part 
of (c) follows. The second one follows in a similar way from the equality Cc • C^ 1 = E. ■ 

Corollary 2.19. If C is pointed and left semiperfect (resp. right semiperfect) of finite 
global dimension then the Cartan matrix Cc of C is column-finite {resp. row-finite) and the 
matrix C^ 1 (2.16) is a two-sided inverse of Cc- Moreover, C^ 1 is column-finite and row-finite, 
and the equalities of Corollary 2.18(a) hold. 

Proof. By Lemma 2.6 (d) and (e), the Cartan matrix Cc of C is column-finite (resp. 
row-finite), if C is left semiperfect (resp. right semiperfect). Since, according to Lemma 2.9, 
C is a sharp Euler coalgebra, the corollary follows from Corollary 2.18. ■ 

3 Coxeter transformation for a sharp Euler coalgebra 

We study in this section the properties of the Coxeter transformations defined in [2"3"l 
Definition 4.27] for pointed Euler coalgebras. Here, we also follow [TJ Definition III. 3. 14]. We 
modify [23, Definition 4.27] as follows. 

Definition 3.1. Assume that C is a pointed sharp Euler i^-coalgebra with fixed decom- 
position soc cC = ®j£i c S(j). Let Cc £ M/ C (Z) be the Cartan matrix of C and let C^ 1 be 
the two-sided inverse (2.16) of Cc- 

(a) The Coxeter matrix of C is the Ic X Ic square matrix $c — — C^* r • Cc, where we 
set Cc tr = (CcY = (CS)- 1 . 

(b) The Coxeter transformations of C are the group homomorhisms 

<J> C 

(3.2) Zff i _ ' ll° 

defined by the formulas <&c(a;) = — {x-C c tr )-Cc, ior x G Z^,and &c(v) = ~(y'^c 1 )'^c^ OT V 
Z 1 ^ , where Z 1 ^ C Z Ic is the subgroup of Z Ic generated by the subset {e(a) = dim£'(a)} ae / c 
and Z 1 ^ C Z Ic is the subgroup of Z Ic generated by the subset {e(a) = dim_E(a)} ag / c . 
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By Corollary 2.18, the sets {dim E(a)} a ei c and {dim E(a)} ae i c are Z-linearly independent 
in Z /c and therefore they form Z-bases of Z^ '' and Z^ c \ respectively. Note also that M \— > 
dimM defines the group isomorphism of the Grothendieck group Kq(C) = Ko(C op -mi) and 
Z^ c) , and the group isomorphism of the Grothendieck group Kq(C) = Ko(C-mj) and 7h£ . 
Note that, by Corollary 2.18, 

$ c (dimV c £(a)) = * c (e(a)) = -(e(a) • C c tr ) ■ C c = -e a ■ C c = -e(o) = -dim E(a), 

&c(dim E(a)) = $^(e(a)) = -e a ■ C^ 1 = -e(a) - dim Vc^(a). 
It follows that the transformations (3.2) are well-defined and mutually inverse. 

The following theorem is the main result of this section (compare with [U Corollary IV. 2. 9]). 



Theorem 3.4. Assume that C is a pointed sharp Euler K-coalgebra with fixed decompo- 
sition soc cC = ©j 6 / c S(j). Let <E»c o,nd &c ^ e the Coxeter transformations (3.2) of C. 

(a) Let M be an indecomposable left C-comodule in C-Comod* c such that inj. dim M = 1 

and Hom c (C, M) = 0. If 

v ; — ► M — >M — >t c M — >0 

is the unique almost split sequence (1.21) in C-Comod/ c , with an indecomposable comodule 

TqM lying in C-comodyp then 

dim T(=jM = $^(dimM). 

(b) Assume that N is an indecomposable non-projective left C-comodule in C-comod/^ C 
C-Comod/ c such that inj. dim DN = 1 and Hom^C, DN) = 0. If 

— ► r c N — >N' — >N — >0 

is the unique almost split sequence (1.22) in C-Comod/ c , with an indecomposable comodule 
tqN lying in C-Comod* c , then 

dim r^iV = <& c {dimN). 

Proof, (a) Assume that M is an indecomposable left C-comodule in C-Comod* c such 
that inj. dim M — 1. Then M admits a minimal injective copresentation 

— >M — >E ^E 1 — ► 

in C-Comod/ c where Eq and E\ are socle-finite injective comodules. It follows that dimM = 
dimi^! — dimE'o- Since ^^(dim E(a)) = — dim E{a) ■ C^ 1 = — dimE(a), for every a E Iq 
and the comodules Eq and Ei are finite direct sums of the comodules E(a), with a G Ic, we 
get $^(dimi? ) = — dimVc(-Eo), & c (dim Ei) = — dimVc(-Ei) and, by applying <fr^, the 
equality dim M = dim E\ — dim Eq yields 

$p(dimAf) = ^(dim^x) - $ c (dim£ ) = dim V c (^o) - dim Vc(^i)- 

On the other hand, the exact sequence (1.10) in C op -Comod, induced by the injective copre- 
sentation of M, has the form 

Tr c (M) — ► Vc(^i) ^ Vc(Eq) — > 0, 

because the assumption Hom^C, M) = yields Vc{M) = Hom c -(C, M)° = 0, see Theorem 
1.8 (a). Since dim^ Trc(M) is finite, we have dimDTic(M) = dimTrp(M) and the exact 
sequence yields 
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dimr c M = dim DTr c (M) = dimTr c (M) = dim V c (^o) - dim V c (^i) = $c( dimM ) 
and (a) follows. 

(b) By Proposition 1.16 (b), there is a duality D : C-comod/p — ^ C op -comod/ c that carries 
the indecomposable left C-comodule in C-comod/p to the indecomposable right C-comodule 
in C op -comod/ c . Since we assume inj.dim DN = 1, the comodule DN is not injective and 
there is a minimal socle-finite injective copresentation 

— > DN — >E' ^E[ — > 

of DN in C op -Comod/ c . By an obvious Vc°p version of Theorem 1.8, there is a short exact 
sequence 

— ► Tr C o P (DN) — ► V C o P (E[) Vc ^' ] v C o P (E' Q ) — > V c <>v (DN) — ► 

in C-Comod /c . The assumption Rom c (C,DN) = yields V c °p(DN) = Rom c (C,DN)° = 0. 
Then, by applying the arguments used in the proof of (a), we get 

dimTrc-oppiV) = dim V c °v{E[) - dim V c °p(E' ) 
= * c (dim E' ) - $ c (dim E[) 
= ^c(dimDN) = $ c (dimA^), 

because dim^ is finite. This finishes the proof. ■ 

Remark 3.5. If C is a sharp Euler coalgebra such that gl. dimC = 1 and M (resp. 
N) is an indecomposable non-injective comodule (resp. non-projective comodule), we have 
inj. dimM = 1 and Hom c (C,M) = (resp. inj. dirnDiV = 1 and Hom c (C, DN) = 0), and 
Theorem 3.4 applies to M (resp. to N). 

4 Illustrative examples 

In this section we illustrate previous results by concrete examples. 
Example 4.1. Let Q be the infinite locally Dynkin quiver 

Q : • — > • — > • — > • — > • — > • — > . . . 

1 2 3 4 5 

of type Aqo and let C = K D Q be the path K-coalgebra of Q, see [1], [19], [30]. Then C has 
the upper triangular matrix form 

' K K K K K K K K ... ' 

K K K K K K K ... 

K K K K K K ... 

K K K K K ... 
(~t _ K K K K ... 

° — 00000KKK... 

OOOOOOKif... 

OOOOOOOif... 

and consists of the upper triangular NxN square matrices with coefficients in K with at most 
finitely many non-zero entries. Then soccC = ©j g / c S(j), where Ic = N = {0, 1,2,.. .} and 
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S(n) = Ke n is the simple subcoalgebra spanned by the matrix e n G C with 1 in the n x n 
entry, and zeros elsewere. Note that e n is a group-like element of C. 

The Cartan matrix Cc € M^(Z) of C and its inverse C^ 1 have the lower triangular forms 



'C 



o o 
l 
l 










1 



















-c 



1 

-1 










-1 









1 

-1 




Hence the Coxeter matrices $c — — C c * r • Cc and $ c 1 



-Cfj 1 ■ C% are of the forms 



c 



01000000 








1 

1 

















1 









10 



00000000 



C&- 1 



-1 -1 -1 -1 



-1 -1 



The coalgebra C is pointed, representation-directed in the sense of [23], right semiperfect and 
hereditary, that is, gl. dimC = 1. Hence C is a sharp Euler i^-coalgebra. Every left C- 
comodule is a direct sum of finite-dimensional ones [19] and therefore every indecomposable 
left C-comodule is finite-dimensional. The left C-comodules in C-comod can be identified 
with the finite-dimensional i^-linear representations of the quiver Q. Under the identification 
C-comod = rep A -(Q), the Auslander-Reiten quiver of C-comod has the form 

Figure 1. The Auslander-Reiten quiver of the category C-comod = rep K (Q) 




see [16] and [20], where 

K n = K n+ i = . . . = K m = K and n < m. Note that m I m = S(m) is simple and oI m = E(m) 
is the injective envelope of S(m), for each m > 0. Hence, the indecomposable injectives in the 
category C- comod form the right hand section 
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. . . — > qIq — > 0^5 — > 0I4 - ► 0I3 — ► 0I2 - > oil — ► 0I0 

of Figure 1. Note also that C-comod contains no non-zero projective objects. Thus 

— > Tr c ( n I m ) — > V CJ E(n - 1) — > V c £(m - 1) 

= „_il m _i, for n > 1. The 



is an injective copresentation yielding T c ( n I m ) = DTic{n\ 
almost split sequences are 







m tt> n R m— 1 



I, 



' n-ll' 



m— 1 







with irreducible morphisms n I m — > nKn+i an d n-i^m — *• nlm being the obvious monomor- 
phism into the first summand and epimorphism onto the second summand. The map on the 
right is given by natural epimorphism and monomorphism with alternate signs. This means 
that T C (n-J-m-i) — rJm and rj( n I m ) = n _il m _i, if n > 1. Note also that dimrc(n-J-m-i) = 
$c(dim„I m ) and dimr c ;( n I m ) = $^, 1 (dim n _il m _i), if n > 1 (compare with Theorem 3.4). 



Example 4.2. Let Q be the infinite locally Dynkin quiver 



of type ooAqo and let C = K°Q be the path if-coalgebra of Q. Then C has the upper triangular 
matrix form 



C 



KKKKKKKK 



K K K K K K K 



K K K K K K 



K K K K K 



K K K K 



K K 





K 

K K 
K 



and consists of the upper triangular Z x Z square matrices with coefficients in K with 
at most finitely many non-zero entries. Then soc c C = je / c where I c — Z — 

{. . . , —2, —1, 0, 1,2,.. .} and S(n) = Ke n is the simple subcoalgebra spanned by the matrix 
e n G C with 1 in the nxn entry, and zeros elsewere. Note that e n is a group-like element of C. 
The coalgebra C is pointed, hereditary, left and right locally artinian and, by Corollary 2.10, 
C is a sharp Euler i^-coalgebra. Obviously, C is neither right semiperfect nor left semiperfect. 
The Cartan matrix Cc G M N (Z) of C and its inverse C^ 1 have the lower triangular forms 



ooooooo 



oooooo 



ooooo 



oooo 



ooo 







-c 



1 























-1 


1 























-1 


1 























-1 


1 























-1 


1 























-1 


1 























-1 


1 























-1 


1 
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Hence the Coxeter matrices $ 



c 



-tr 



■ Cc and <3> 



-l 
c 



are of the forms 



c 



10 
10 















1 













c 








1 

1 












1 

1 










1 





It is known that there is an equivalence of categories K°Q- comod = rep^(Q) and we view 
it as an identification, see [5], [19] and [251 Proposition 3.3]. We recall from [201 Corollary 
5.13] that any finite-dimensional .fT-linear representation N G rep^-(Q) of the infinite quiver 
Q restricts to a representation of a finite convex linear quiver Q N = supp(iV) (the support of 
N) of the Dynkin type A n and is isomorphic to a finite interval representation of the form 











where — oo < m < t < oo and Kj = K, for all m < j < t. It is easy to see that the inde- 
composable injective ii^Q-comodules are infinite-dimensional. Hence the category C- comod 
contains no non-zero injective objects and no non-zero projective objects. 

By Corollary 1.23 (see also [16] and [201 Section 6]), every indecomposable object N of 
C- comod has an almost split sequence in C- comod starting from N and has an almost split 
sequence in C- comod terminating in N. Moreover the Auslander-Reiten translation quiver 
r(C- comod) of the category C- comod has the form 

Figure 2. The Auslander-Reiten quiver of the category C- comod = iep K (Q)) 



4.114 



3^3 



2^2 



1I1 



In 



0^0 



2^3 



ih 



oh 



cr 



3^5 



2H 



I 2 



-ill 



2^5 



0^3 



-ih 



- 2 Ir 



Note that the Coxeter transformation <fr 



c 



Z 



la 



7i}% (3.2) extends to the isomorphism 
$>c : Z z — > Z z defined by the formula <3?c(x) = x-&c- It carries any vector x = [x n )n&L G Z z 
to the vector $c{ x ) — x — (x n ) ne z G Z( z \ with x n = x n _i, for all n G Z = Iq- This means 
that shifts any vector x G Z z by one step to the right. It follows that the inverse 
: Z z — > Z z of $(7 shifts any vector x G Z z by one step to the left. 
Hence, by applying the the Auslander-Reiten quiver shown in Figure 2, we conclude that, 
given an indecomposable N in C- comod, there exist almost split sequences 
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— ► t c N — >Y — >N — >0 and — ► N — >Z — >t c l N — >0 

in C- comod and the following equalities hold (compare with Theorem 3.4) 

dim(r c iV) = $ c (dimiV) and dim(r c 1 iV) = ^(dimiV). 

Let us also look at the (abelian) category C- Comod/ c of finitely copresented C-comodules. 
It consists of artinian C-comodules and, by applying [23j Proposition 2.13(a)], one can show 
that every indecomposable comodule M of C-Comod/ c is either injective, with dmi^ M = 
oo, or M is finite-dimensional isomorphic to one of the comodules listed in Figure 2 and 
dim^- TrcM is finite. It follows that C- Comod* c = C- Comod/ c and C- comod* c = C- comod. 
One can also show that the Grothendieck group K (C- Comod/ c ) of C- Comod/ c is isomorphic 
to the Grothendieck group K+(C) = Xo(C-inj) = of the cate gory C-inj. Moreover, 
the Auslander-Reiten quiver r(C-Comod/ c ) of the category C-Comod/ c has two connected 
components: 

(a) the component shown in Figure 2 consisting of all indecomposable C-comodules of 
finite dimension, and 

(b) the following component consisting of all indecomposable injective C-comodules: 

... — >E{-2) — >E(-1) — >E(0) — >E(l) — >E(2) — ^(3) — > .... 



Example 4.3. Let Q = (Qq, Qi) be the infinite locally Dynkin quiver of type presented 
in Example 1.25, with Qq = { — 1, 0, 1, 2, 3, . . .}, and let C = K°Q be the path i^-coalgebra of 
C . Then C has a Qo x Qo square matrix form shown in Example 1.25. The Cartan matrix 
Cc* € Mq (Z) of C and its inverse C^ 1 have the lower triangular forms 



"C 































1 
1 1 

10 







— 1 

"C 






















-1 1 

-1 











1 

-1 




Hence the Coxeter matrices $ 



c 



■Cc tr ■ C c and 



■Cq 1 • C c ' are of the forms 



c 





10 
1 




1 











-1 -1 -1 -1 -1 -1 -1 -1 



The coalgebra C is pointed, right semiperfect and hereditary, that is, gl. dimC = 1. Hence 
C is a sharp Euler i^-coalgebra. Every left C-comodule is a direct sum of finite-dimensional 
ones [19J and therefore every indecomposable left C-comodule is finite-dimensional. If iV is a 
terminus of a mesh in the Auslander-Reiten quiver T(C- comod) shown in Figure then iV is 
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the right hand term of an almost split sequence — ► TcN — > N' — > N — > in C- comod 
and dim(rcA r ) = <I?c(dimiV), by Theorem 3.4. It follows that the dimension vectors of 
the modules lying in each of two infinite components of T(C- comod) shown in Figure can 
be computed from the dimension vectors of the modules lying on the sections (*) and (**) 
(presented in Example 1.25) by applying the iterations with m > 1, of the Coxeter 
transformation &c- Obviously, C is representation-directed in the sense of [23] and every 
indecomposable C-comodule N is uniquely determined by its dimension vector dimiV, see 

References 

[1] I. Assem, A. Skowroriski and D. Simson, Elements of the Representation Theory of Associative 
Algebras, Volume 1: Techniques of Representation Theory, Londom Math Soc. Student Texts 
65, Cambridge University Press, Cambridge 2006. 

[2] M. Auslander, Coherent functors, in Proc. Conf. on Categorical Algebra, La Jolla, Springer- 
Verlag, 1966, pp. 189-231. 

[3] M. Auslander, I. Reiten, S. Smal0, Representation Theory of Artin algebras. Cambridge Stud- 
ies in Advanced Mathematics, 36. Cambridge University Press, Cambridge 1997. 

[4] W. Chin, A brief introduction to coalgebra representation theory, in: Proceedings from an 
International Conference Held at DePaul University, J. Bergen, S. Catoiu, W. Chin, eds. 
Lecture Notes in Pure and Appl. Math., Marcel-Dekker, 237(2004), pp. 109-131. 

[5] W. Chin, M. Kleiner and D. Quinn, Almost split sequences for comodules, J. Algebra 
249(2002), 1-19. 

[6] W. Chin, M. Kleiner and D. Quinn, Local theory of almost split sequences for comodules, 
Ann. Univ. Ferrara - Sez. VII - Sc. Mat.Vol. 51(2005), 183-196. 

[7] W. Chin and S. Montgomery, Basic Coalgebras, in Modular Interfaces (Riverside, CA, 1995) 
AMS/IP Studies in Advanced Math, vol.4, Providence RI, 4(1997), 41-47. 

[8] J. Cuadra, J. Gomez- Torrecillas, Idempotents and Morita-Takeuchi theory. Comm. Algebra 
30 (2002), 2405-2426. 

[9] S. Dascalescu, C. Nastasescu and S. Raianu, "Hopf Algebras. An Introduction", Lecture Notes 
in Pure and Applied Mathematics, No. 235, Marcel-Dekker, New- York, 2001. 

[10] P. Gabriel, Indecomposable representations II, Symposia Mat. Inst. Naz. Alta Mat. 11(1973), 
81-104. 

[11] J. A. Green, Locally finite representations, J. Algebra 41(1976), 137-171. 

[12] M. Kleiner and I. Reiten, Abelian categories, almost split sequences and comodules, Trans. 
Amer. Math. Soc. 357(2005), 3201-3214. 

[13] B. I.-P. Lin, Semiperfect coalgebras, J. Algebra 49 (1977), 357-373. 

[14] S. Montgomery, Hopf Algebras and Their Actions on Rings, CMBS No. 82, AMS, 1993. 

[15] C. Nastasescu, B. Torrecillas, Y. H. Zhang, Hereditary coalgebras. Comm. Algebra 24(1996), 
1521-1528. 

[16] S. Nowak and D. Simson, Locally Dynkin quivers and hereditary coalgebras whose left co- 
modules are direct sums of finite dimensional comodules, Comm. Algebra 30(2002), 455-476. 



26 



W. CHIN AND D. SIMSON 



[17] D. Simson, On the structure of pure semisimple Grothendieck categories, Carriers de Topologie 
et Geom. Diff. 33(1982), 397-406. 

[18] D. Simson, Linear Representations of Partially Ordered Sets and Vector Space Categories, 
Algebra, Logic and Applications Vol. 4, Gordon & Breach Science Publishers, 1992. 

[19] D. Simson, Coalgebras, comodules, pseudocompact algebras and tame comodule type, Colloq. 
Math. 90(2001), 101-150. 

[20] D. Simson, Coalgebras of tame comodule type, in: "Representations of Algebras", Proceedings 
ICRA-9, (Eds. D. Happel and Y. B. Zhang), Beijing Normal University Press, 2002, Vol. 2, 
pp. 450-486. 

[21] D. Simson, Path coalgebras of quivers with relations and a tame-wild dichotomy problem for 
coalgebras, Lecture Notes in Pure Appl. Math., Marcel Dekker 236(2004), pp. 465-492. 

[22] D. Simson, Irreducible morphisms, the Gabriel quiver and colocalisations for coalgebras, In- 
tern. J. Math. Math. Sci., 72(2006), 1-16. 

[23] D. Simson, Horn-computable coalgebras, a composition factors matrix and an Euler bilinear 
form of an Euler coalgebra, J. Algebra, 315(2007), 42-75. 

[24] D. Simson, Localising embeddings of comodule categories with applications to tame and Euler 
coalgebras, J. Algebra, 312(2007), 455-494. 

[25] D. Simson, Path coalgebras of profinite bound quivers, cotensor coalgebras of bound species 
and locally nilpotent representations, Colloq. Math. 109(2007), 307-343. 

[26] D. Simson, Tame- wild dichotomy for coalgebras, J. London Math. Soc 78(2008), 783-797. 

[27] D. Simson, Incidence coalgebras of intervally finite posets, their integral quadratic forms and 
comodule categories, Colloq. Math. 115(2009), 259-295. 

[28] R. Suter, Modules for U q (sl 2 ), Comm. Math. Phys., 162(1994), 359-393. 

[29] M. Takeuchi, Morita theorems for categories of comodules, J. Fac. Sci. Univ. Tokyo 24(1977), 
629-644. 

[30] D. Woodcock, Some categorical remarks on the representation theory of coalgebras, Comm. 
Algebra 25(1997), 2775-2794. 

[31] A. Wilansky and K. Zeller, Inverses of matrices and matrix transformations, Trans. Amer. 
Math. Soc. 6(1955), 414-420. 

Addresses: 

W. Chin, Department of Mathematics, DePaul University, Chicago, Illinois 60614, U.S.A. 
e-mail: wchin@condor.depaul.edu 

D. Simson, Faculty of Mathematics and Computer Science, Nicolaus Copernicus University, 
87-100 Toruh, ul. Chopina 12/18, Poland, e-mail: simson@mat.uni.torun.pl 



